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File propagation of a laminar, nonisothermal, weakly swirled liquid 
jet along the nonconducting surface of a straight circular cone is ex- 
amined. An explanation is given of the influence of the temperature 
dependence of the viscosity (assumed to be linear) on the hydrodynamic 
characteristics of the jet. 

The laws of propagat ion  of a j e t  source  ove r  the 
su r face  of a cone with va r i ous  boundary condit ions for  
the t e m p e r a t u r e  and constant  phys ica l  p r o p e r t i e s  of 

the l iquid w e r e  examined  in [1]. 
In the p r e s e n t  paper  we p r e sen t  the r e s u l t s  of  so lv -  

ing a s i m i l a r  p r o b l e m  for  a swi r l ed  je t  of l iquid with 
v i s cos i t y  va ry ing  in the flow field.  All  the o ther  p rop-  
e r t i e s  of the l iquid (density,  t h e r m a l  conduct ivi ty ,  etc.  ) 

a re  cons ide red  constant .  
F o r  a l iquid the dependence of v i s cos i t y  on t e m p e r -  

a ture  i s  v e r y  complex .  F o r  some l iquids this depen-  

denee may  be r e p r e s e n t e d  in the fo rm proposed  by 

Reynolds  [2, 3]: 

= F~ exp(--b  AT), 

while for  o thers  the hyperbol ic  re la t ion  

= ~ ( l  +bAT)- '  

may be used [4, 5]. In the case  of mi ld ly  non i so the r -  

real flow (this is the ease  examined  below) each of 
the e x p r e s s i o n s  for  the v i s c o s i t y  is s impl i f i ed  and 
may be r e p r e s e n t e d  by a l i nea r  re la t ion:  

9 = I ~ ( 1 - - b A T ) ,  A T = T - - T ~ .  (1) 

The flow of a weakly swi r led  non i so the rma l  l iquid 
je t  o v e r  the t h e r m a l l y  insula t ing  su r face  of a cone is 

d e s c r i b e d  by the fol lowing sys tem of equat ions of the 

l a m i n a r  boundary l ayer :  * 

Ou 0 du 4-v  
u a--~ Oy ay 

W 2 
p - -  ctg 0 - -  

X 

(~ , (2) 

Op , (3) 
0y 

*St r ic t ly  speaking,  equation (2) for a swi r l ed  je t  

should be wr i t ten  in the form 

u Ou + v  Ou w 2 _ Op ~. o__o_(, a u ~ .  
Ox Oy x Ox ' ay k ay ] 

However ,  for  a weakly swi r l ed  je t  at a la rge  d is tance  

f rom the nozzle ,  the t e r m s  w2/x and Op/Ox wil l  be 

much s m a l l e r  than the o ther  t e r m s  of the equation, 
as fol lows f rom the solution obtained below. T h e r e f o r e ,  

as was done a lso  in the o ther  e a se s  of weakly swi r led  

j e t s  [6,7],  these  s m a l l  t e r m s  a re  omit ted  in Eq. (2). 

0~__ Ow uw 0 (v Ow ~ 
u + v - - - +  , (4) 

Ox @ x ag \ Oy i 

Oox (x.) + + ( x v )  = 0, (51 

OAT OAT 02AT 
u + v - -  = a - -  (6) 

ax av @~ 

with boundary and in t eg ra l  condit ions 

OAT 
u = v = w = O ,  - - = 0  w h e n y = 0 ,  

ov 
u = w = O ,  A T = O  when g =  oc; (7) 

y 

0 0 

+ ~O~x~vuau.dg d x = K = c o n s t ;  (8) 
Og 

o o 

o 

2 o oo ) + ( fp%x3u . dg dx = N =  const; (9) 
J Oy 

o o 

2~ sinO ,l p CpuA Txdy = Q = const. (10) 

0 

We wil l  in t roduce  the sma l l  p a r a m e t e r  w - bQ/XL (L = 
= K/pZv3 ), and r e p r e s e n t  the components  of ve loc i ty  

and p r e s s u r e  in the form of s e r i e s  in t e r m s  of this 

sma l l  p a r a m e t e r :  

u = Uo + ~ur + ~u2 + - . - ,  

v = Vo + ~vl + r + .... (11) 

w = w0 + r ~ + (0 2 w~ + . . . .  

We also r e w r i t e  (1) as 

v = , ~ , ( I - - ~ - - L L Q  A T ) .  (12) 

Substi tut ing the expansions  ( i l l  in addition to (12), 
into the sys tem (2)-(5)  and equating coef f ic ien ts  of 
the same powers  of w on the left  and r ight  s ides  of 
the equat ions obtained,  we have the fol lowing s y s t e m s  

of zeroth ,  f i r s t ,  and second o r d e r  approx imat ions :  

u OUo 4- duo a~uo 
o Ox , vo O - - ~ - =  v ~  O f ,  

aWo aWo UoWo O2Wo 
u0 _ ~ + v 0  4- - = v ~ - - ,  (13) 

dx Og x Of  

ax (xuo) + @ (XVo) = o, 
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Ouo + U o @ x  +v~ Ouo Ou, _ 

u, Ox ~ + vo Oy 

O [ Oul kL  A T  OU~ ] (14) 
= ov Q oy ' 

Owo + Uo ~ + V~ Owo v Ow, + 
u l - -~x  ox ~ - y  + o Ov 

+ uowl +ul~Vo __ 
x 

O [ OWl ~L A T  OWo I (15) 
o v  Q ov ' 

0 0 
O---~ (xuO + -~y (xv,) = 0. (16) 

The system of equations of the zeroth order approxi- 
mation (13), with the boundary and integral conditions 

U o = V o = W o = 0  w h e n y = 0 ,  

u o = w o = 0  when y =  oo 
o,  y 

~ ,v~ ) i O X~UoWo (~ p UoX@ dy = N 
0 

has the solution [1] 

A 
Uo= Ax" F' ((p), Vo x ~-'~-' x 

B 

• l(a - -  p + 1) F + [~q0 F'I, 

wo = Cx ~- cD ((p), p:. - -  p = Dx 6 P (q)), (p = Byx~ , 

a =  - - - -  3 5 5 19 
, [ 3 . .  , e -  , 6 = - - - -  

2 4 2 4 

2 (F~..F,/._FZ), F~ = 1.7818, F ' = ( D  = ~-  

P ( + ) =  - f r  A =  

4 #'r'/' 27K 
B = 1 649%~1, 

V ~ / 3K C--- N 3 N 2 .~ ; :) 
- -  ~ / - - - 3  ) p 4v~ KI,  ' D ctg t~ ~, 49%'~ I'/ 

( l ' = i  F(F')Zd'~) " (17) 
0 

The solution of the energy  equation (6) with account  
fo r  express ions  (17) and the boundary conditions for  
t empera tu re  (7) is well-known [6]: 

3 A T = l'xVO (qQ; y = - - -~ - ,  

F 2~pC o sinO J /  4pO-v~K 

( ) " @=exp  - - o  ' Fdrp ; or= . (18) 
~i a 

To in tegra te  the f i r s t - approx imat ion  sy s t em of 
equa t ions  (14)-(16),  we rewr i t e  the components  of ve -  
loci ty and p r e s s u r e  in the fo rm 

u, = & x  ~' y (~), 

wl =C~x ~' P ((p), 

p~ = D,x~' I] (qg), (19) 

Substitution of these express ions  into (14)-(16) gives 
the following sys t em of ord inary  differential  equations: 

f'" + F[" + 5F'/r = (OF")', (20) 

~"' + F'F + 3F'~' = (@~')' - -  2f' ap, (21) 

1-I' = -- 2* F. (22) 

In wr i t ing  down these equations it was assumed  that 

~.L ~,L 
A~= FA, C1= FC; 

q Q 
~L --9 13 II 

DI---- FD, a l = - - ,  e l = - - - - ;  8 1 -  
Q 4 4 2 

The functions f ,  F and 1I mus t  sa t isfy  the following 
boundary and in tegra l  conditions: 

/ ( 0 ) = P ( 0 )  =f(o~) P ( ~ o ) = F l ( o ~ ) = 0 ,  

r~ 

,I (2FF'f --  F"f + F'F" 0 --  F'f') d ~ .4- 
0 

.I (FF'fi + Ffq~ - - [ 0 ' +  F' r  - - F ' F ' ) d  (9 -t- 
0 

+ IF ' e ( t ' r e , / l e+=o .  
b b 

(23) 

It is known [1] that ~ = F ' ,  and therefore ,  a ssuming  
that f =  F,  we may  t r a n s f o r m  Eq. (21) to the form(20) .  
Bear ing  in mind the identity of the boundary conditions 
for  the functions f and F,  we come to the conclusion 
that, to solve the problem as formulated,  it is suffi-  
cient  to in tegra te  Eq. (20). Introducing the new inde-  
pendent var iab le  t = 4-F-7-~oo, we rewr i t e  Eq. (20) and 
the boundary conditions (23) in the fo rm 

2 o d 
(I - -  t3)f ' -1- 30tf = ~ F~ ~ -  [(1 - -  # f + '  (I - -  4/3)], (24) 

[(0) =f(1)= 0. (25) 

The genera l  solution of (24) has the fo rm 

( ! 16t 
f = ( 1 - - 4 f : ' ) ( 1 - - t  3) C,+C.. 1 - - t  3 ~ 1--47 

5 in ( l - - t ) "  1 @ _  2 t 4 - 1 ) ]  
- -  - 3  1 + l + t 2 + arctg ] / ~  + fo, (26) 

where f0 is a particular solution of the inhomogeneous 
equation (24), which may easily be obtained by ordi- 
nary methods, for a specific Prandtl number a. Thus, 
for example, for a = 3 

f 0 = 2 F ~ {  I0 l ' : ' -  22--ff-7 t'~ + (27) 
3 X 21 105 
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67 t~ 23 t4_~_ II ] 
+ 1-~- - %-  ~ t J, (27) 

cont 'd  
and for a = 5 

2937 pa 1718 rio + [o 2 F ~  tiP-- t18+ ~ - - - -  7 1551 

= 3 - ~ -  910 637 245 

363 t7 - 30 #.~_ 5 ) 
+ 4 9  ~ -  - T t  . (28) 

Fo r  the above va lues  of a, j~(0) = f0(1) = 0, and i t  
therefore  follows f rom the boundary condit ions that 

Cl = C2 = 0. 
We may  ver i fy  by a d i r ec t  check that the funct ions  

found are  the des i r ed  solution of the p rob lem and also 
sa t i s fy  the in teg ra l  condit ion.  

Taking account  of Eqs.  (17), (19), and (20), we 
obtain an express ion  for the d i m e n s i o n l e s s  components  
of the longi tudinal  ve loci ty  and of the swir l  veloci ty  
in the fo rm 

u _ w 2 F~ [ t - - P + ~ X  

umo W,no 3 

__ 67t7 227tlo 10 )] ( l l t ~  23 # +  __ _ _  + _ _ t ~  ~ ; 
X t ~  6 14 105 21 

Q=t , , ) .LF  _,,,, 
- -  x ' . ( 2 9 )  

Q 

Here,  urn0 = Ax -3/2 and win0 = Cx 4 / 2  a re  the m a x i m u m  
va lues  of the r e spec t ive  veloci ty components  in  an 
i s o t h e r m a l  jet .  

It may  be seen f rom the f igure  that in a m i l d l y n o n -  
i s o t h e r m a l  jet  of i n c o m p r e s s i b l e  l iquid, ca lcula t ion  
of the t e m p e r a t u r e  dependence of the v i scos i ty  is  con-  
s i de rab ly  affected by the p r e s s u r e  field. As in other  
flow cases  [8], the m a x i m u m  veloci ty  in a hot je t  ap- 
p roaches  the sur face  washed. The effective jet  thick-  
ne s s  is  d imin ished ,  and the f r ic t ion  s t r e s s  at the 
sur face  of the cone is  i nc reased .  The l a t t e r  follows 
f rom ana lys i s  of the exp res s ion  

" ~ w 0  ~ -~-  ' 

where  rw0 is the s t r e s s  at the sur face  in i s o t h e r m a l  
flow over  a cone (Tw = T~o). 

Fo r  a cold je t  every th ing  is r eve r s ed .  

NOTATION 

u, v, w a re  the longitudinal ,  t r a n s v e r s e ,  and c i r -  
cu la r  ve loci ty  components ;  p is the densi ty;  T is the 
t e m p e r a t u r e ,  p,  v, a, k are  the dynamic  and kinet ic  
v i s c o s i t i e s ,  and t h e r m a l  diffusivi ty  and conduct ivi ty;  
and conductivi ty;  a ,  /3, 6, a are  the cons tan ts  in the 
s i m i l a r i t y  t r a n s f o r m a t i o n s ;  A, B,  C, D, Y a re  con-  
s tants ;  (p - BxPy is a reduced coordina te ;  F ,  f ,  ~, F ,  
1I, | a re  the d i m e n s i o n l e s s  funct ions of the coordinate  
r (i = voo/a is the P rand t l  n u m b e r ;  ~ cone angle;  N, K, 

Q are  the cons tan t s  in the in teg ra l  condit ions ; ~'w is  the 
f r i c t ion  s t r e s s  at the wall ;  w, ~ a re  sma l l  p a r a m e t e r s .  
Subscr ip ts :  w is  value at the wall ;  oo is va lue  at an in -  
f ini te  d i s tance  f rom the wall .  

AS/' 0.4, / 

-&2 

-P.4 

The funct ion f(~p) for  va lues  of the P rand t l  
n u m b e r  (T of 3 (1), 5 (2), and 10 (3), p ro -  
f i les  of d i m e n s i o n l e s s  veloci ty  components  
u/urn0, w/wm0 for a hot n o n - i s o t h e r m a l  
je t  with ~ = 0.1 (4), for  an i s o t h e r m a l  je t  
with ~ = 0 (5), and for a cold je t  with ~ = 
= 0.1 (6), the prof i le  of d i m e n s i o n l e s s  p r e s -  

su re  (p - P~o)/(Pw - Poo) in i s o t h e r m a l  
flew (7), and the prof i le  of d i m e n s i o n l e s s  

p r e s s u r e  [I/(Pw - P~) with a = 3 (8). 
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